IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Integral representations for the exceptional univariate Lommel functions

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2010 J. Phys. A: Math. Theor. 43 155207
(http://iopscience.iop.org/1751-8121/43/15/155207)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.157
The article was downloaded on 03/06/2010 at 08:44

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/15
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 155207 (4pp) doi:10.1088/1751-8113/43/15/155207

Integral representations for the exceptional univariate
Lommel functions

M L Glasser

Department of Physics, Clarkson University, Potsdam, NY 13699-5820, USA

Received 28 January 2010, in final form 1 March 2010
Published 25 March 2010
Online at stacks.iop.org/JPhysA/43/155207

Abstract
An elementary integral representation for the Lommel function S_; o(z) is
given and extended to other exceptional cases.

PACS numbers: 02.30.Gp, 02.30.Uu

1. Introduction

The Lommel function [1] generally denoted by S, ,(z) is a particular solution to the
inhomogeneous Bessel equation

Z2w'(2) + 72w (@) + (&% — vHw(z) = ! (1)

and occurs in a variety of studies in physics and engineering [2-5]. The standard reference
formulas for this function (e.g. [6—8]) are restricted to the cases where w = v is not a negative
odd integer. To the author’s knowledge the only detailed description of the exceptional case
S_1.0(z) is by Watson [1], who gives the explicit expression

1 i (—D*(z/2)*

S—10(2) =3 )2

2
3 {[ln(z/Z) — Yk + 1)) — %W(k +1)+ %} . 2)

k=0

Representations for this exceptional case, S_; ¢(z), are less well documented [9]" and the aim
of this work is to provide a simple alternative derivation.

! This formula is incorrect as printed and should read
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2. Derivation

We begin with an integral identity, which appears to be new and of broad utility.

Theorem 1. For |Re[u, v]| <2anda > 0

/OOK (asi ht)Md —/ Ku(asinhn 22 silh() 3)
0 sin(ur/2) in(vr/2)

Proof. From [10] we have, under the conditions stated,
[Va? +y*+y1" = [ya® + y* = yI"
Jar+y?

and the similar formula with v and a replaced by p and b, respectively. Therefore, by the
Parseval identity for the Fourier transform,

b1 K, (ax) — v —
sin(u/2) Jo m{[\/b +x2 +x] [Vb? +x? — x]"}dx

a”’ * K, (by) ; ”
= - L2 @+ 3 + )1 — [ + 37 — yI'}dy. 5)
sin(vrr/2) Jo /a2 + y?
Next, on the right-hand side of (5) scale y — au, on the left-hand side scale x — bu and
replace ab by a. Finally, the substitution # = sinh ¢ on both sides produces (3). (]

/OO K, (ax)sin(xy) dx = %a‘” csc(vm/2) )
0

Writing i = ix we obtain
Corollary 1. Forxreal, a > 0,

o sin(xt)
K;.(asinht)
0

Z/(; Ku(a Sinht)mdt. (6)

sinh(vt)
sin(vm/2)
Equation (6) is of interest with respect to the Kontorovich-Lebedev (K-L) transform as

it can replace integration over the complex index to integration over a real argument of an
elementary function.

Theorem 2. For Re[z] > 0

S_1,0(2) = / re s gy (7)
0
Proof. We note the known K-L transform [11]
o0
/ cos(hx) Ky (y) dx = %e*ymh b (8)
0
and the elementary result
® cos(bx) sin(tx) sinh(2¢)
T dx = . )
0 sinh(rx /2) cosh(2b) + cosh(2t)

Then multiplying both sides of (6) by cos(bx) and integrating over x, where the change of the
integration order is allowed by absolute convergence, the result can be manipulated into the
form

. 1/2
T / " eaconysi SNOD 4y / ” L«/axl(v(ax) dx. (10)
0 0

2 sin(mv/2) cosh? b + x2
Now we take the limit v — 0 and note that the right-hand integral in (10) is a tabulated
K-transform [12] to obtain

o0
f re-acosh®)sinht qp — g | (a coshb) (11)
0
which is just (7) with a coshb = z. O
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3. Discussion

The best known elementary integral representations for the functions S,, , (z) appear to be due
to Szymanski [13], who found, following Hankel’s work for the ordinary Bessel functions,

Suw(z) = ! f e W, (t)dt (12)
(0,+1,1+100)

VAT(p+v+1)/2] d—r!

(1 _ t2)v—l/2’ (13)
2=k (v + 1/2)T[(v — o+ 1) /2] dev—r-1

Wu,v(t) = (_1)(V_M_2)/2

which is invalid for the exceptional case because of the I'-function in the numerator of (13).
By a simple change of variable and integration by parts, (7) can be expressed as the
Laplace transforms

® sinh~! x
——— e P dx = 5_10(2) (14
0 Vx2+1 b
B L 2
/ [sinh~' x]°e ™ dx = =8§_1,0(2). (15)
0 Z
The availability of recursion relations such as
d v
i Suv@ =@ —v =181+ (16)

provides similar representations for all other exceptional cases; for example,

S2.1(2) 1/00t inhgeeonh gy — L [ xsinh Ty
21(2) == sinhte == —c

2 Jo 2Jo a2+l
Finally, the existence of such a simple representation as (7) can streamline the evaluation of
integrals containing S_; ¢(z), since for arbitrary f

—r(y., (17)

> * ginh~! x
S_ dx = F(x)d 18
/o f)S_10(x) /(; NE (x) dr (18)

where F denotes the Laplace transform of f and the interchange of the integration order is
allowed. An interesting example is

% Fw+1/2) (* sinh~'x
¢(v)=/ xVJ, (x)S_10(x)dx = 2" / dx. (19)
0 \/E 0

(1 + x2)v+l

Thus, ¢(0) = 2G and ¢(1/2) = /2/m. This extends the calculation of Aslam Chaudhry
[14], which was, in part, the motivation for this work.
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